An expression for anisotropic interfacial energy of hexagonal close-packed metals has been formulated which is able to reproduce published data obtained using the modified embedded atom method, covering the variation in interface energy as a function of orientation for a number of metals. It turns out that the coefficients associated with the expression can be determined fully by measured or calculated interfacial energies of just three independent crystal planes. Three-dimensional phase-field model simulations using this representation of interfacial energy have been found to yield convincing crystal morphologies. The apparent rate of crystal growth as a function of orientation in the phasefield simulation agrees with predictions made by surface energy theory.
Introduction
Interfacial energy (!) and its orientation dependence is in a phase-field model expressed via a gradient energy coefficient " [1] [2] [3] [4] [5] , which scales with the square root of ! [6, 7] . The calculation of the evolution of crystal morphology using phase fields requires a smooth analytical expression for " as a function of orientation, because a second order differential of " is required in the governing equation for the order parameter. There has been significant progress in the development of such expressions for cubic metals [1] [2] [3] [4] [5] 7] . Given %  &  %  &   2  2  2  2  2  2  2  3   2  2  2  2   2  2  2  2  2  2 
where the associated coefficients can be determined by experimental measurement or numerical calculations such as those based on the embedded-atom method. This formula is proved to be able to describe published data obtained using the embedded atom method with good accuracy and to compute convincing crystal morphology.
The hexagonal close-packed (hcp) metals constitute a large proportion of metallic materials. However, there is no corresponding expression for the gradient energy coefficient in the context anisotropy. The development of this is the aim of the present work so as to enable the evolution of crystal morphology to be estimated using the phase field method.
Anisotropy of interfacial energy of hcp metals
The hcp crystal is conventionally represented as in Fig. 1(a For the convenience of a phase-field description, the miller indices of planes in the hexagonal lattice are converted into a cubic coordinate system. There are two simple ways of doing this, as illustrated in Fig. 1(a) and 1(b) , respectively. The conversion illustrated in 
To validate the expression and determine the value of m, the proposed % & n ! was fitted to published interfacial energy data calculated using the modified embedded-atom method (MEAM) [8, 9] , which when compared with the original embedded atom method (EAM) [10, 11] , includes the directional bonding of the atoms in crystals [12] [13] [14] . The parameters in the interatomic potentials that are used in the MEAM computation of interface energy of hcp metals were developed by Baskes and Johnson [13] . Zhang et al. and Wang et al. reported the surface energies of 34 planes [8, 9] . Some of the planes have two values available corresponding to two possible termination mechanisms in hcp lattices. The smaller of the two should be preferred in the determination of the crystal shape according to Wulff's theorem [15] ; therefore, only the smaller value was considered in the analysis presented here.
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The data fitting was achieved using the least squares method, for which the objective function is defined as 
where the bar means average, and the averaging procedure goes through all available orientations of the interface energy. 
To compare the interface energies calculated using Eq. (6) with the MEAM data reported in reference [8] , Eq. (3) was used to express the Miller indices in the cubic coordinates illustrated in Fig 1(b) . The corresponding anisotropy coefficients and the average relative errors for 13 metals are listed in Table 1 . Eq. (6) contains only three unknown coefficients, which means that they can in principle be determined using the interfacial energies from just three independent planes. To prove this, the coefficients were estimated using only the surface energies for (100) h , (110) h and (001) h ; the results are in Table 1 (column entitled AvRE3). It is evident that using information from just three planes to fix the coefficients in equation (6) gives a satisfactory description for all the planes of hcp metals. The calculations for Be are not satisfactory. An examination of the original MEAM data [9] shows that the interface energy for (001) h plane is 1285.9 ergs/cm 2 but only 197.7 ergs/cm 2 in (110) h . The latter is less than 1/6 of the energy for the basal plane and is much less than the energies of semi-coherent interfaces [16] . The abnormal interfacial energy value for (110) h plane for Be leads to further discrepancies when the coefficients are determined using only the (100) h , (110) h and (001) h . The AvRE values for Hf, Ti and Y are acceptable. shows the case where the anisotropy coefficients in the Eq. (6) were determined using information from just the (100) h , (110) h , and (001) The shadow balls implies they are located inside the surface. The closer a ball to the surface implies the better fitting. Table 2 Anisotropy coefficients k 0 , k 1 , k 2 and AvRE determined by least squares fitting of MEAM data. The units for coefficients are in erg/cm 2 . AvRE3% is for the data plotted in Fig. 4 . Fig. 6 shows the interfacial energies of Y and Tb from different perspectives. 
Numerical computation and discussion
Based on the MEAM data for the interfacial energies of hcp metals presented in section 2, it is appropriate to categorize the hcp metal into two groups. The first group possesses the largest interface energy at (001) h plane and with k 1 >0. The second group has k 1 <0 and the 15 interface energy at (001) h plane is not the largest. It is known from experiments that the morphology of crystal in basal plane should be topological hexagon to reflect the nature of hcp lattice. It is also expected that the crystal will grow at the greatest rate along the direction with the largest interface energy so as to reduce the total surface energy for a given volume. For example, if (001) h possesses the largest interface energy, the crystal should elongate along the [001] h direction and finally leave the smallest surface area parallel to (001) h . Wulff's theorem can be used to predict the equilibrium crystal shape. For non-equilibrium crystal growth, although the shape is not necessarily consistent with equilibrium, it is feasible that the growth morphology is dominated by the equilibrium shape especially when the driving force for growth is not excessive. 
Conclusions

